E(. Quadratic ideals

One-sided ideals play less of a role in the alternative theory than
in the associative theory since they are harder 'to come hy. For cons
thing, we will see that there are some simple algebras (Caylay algebras)
which have ne proper one-cided ideals wet are net division algebras, so
a simpla alegsbra cannot be huilt up from its minimwal laft idcals. For
another, onc-sided idcals are harder to generats, For instance, tha
left ideal generated by 2o element x need not just censist of all left
multiples ax of ®: Ax may not he & left ddeal sdines It nay net be
closed under left multiplicaticn, the clements b(zx) may not be =x-
pressible as ex since in general blax) # (ba)=x.

ore useful are the guadratic ideazls delinsd in teros of the N=h
M ful tha guadrat leals daelinad terns of the oper

tors UK. & guadratic idesl iz a subspace B such that

TTbA=h_AbC:B for 211 L €E .

(Tn contrast Lo = left ideal AB<C B or right ideal AT B.} If B is a
guadratic fdeal in A it neecd not remain a gquadratic Iideel in the unital
hull A:  we have UEA = QUEl + Esﬁ, g0 to be quadratic in A we need all
2

b = UT-,]' in B as well as Ubﬂﬁ::‘_‘:. We say B is a strict guadrakic ideal
L =

if it remalns a gquadratie ideal In A, I.e. 15 a quadratic ideal in. A
2
and contains the squares b of all igs elements,
The dmpertant thing is that quadratic ideals arve guite simple to
construct; for ecxample, Ax and xA are always guadratie ideals, sven il

they are not left eor right ideals,

6.1 (Censtrurction of Quadractic ideals) Any one—sided ideal 1z also a
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strict quadratic Ideal. I[ B iz a gquadratic ideal then =B and BEx and

#hx are sirict guadratic dideals for any € A,
Proof. Any cne-zsided ideal is automatically a quadratic fdeal:
if B 4s (say) a left ideal and b € B then bab = (bA)h & Ah CE.
Suppose now 3 is piven as a quadratic ideal. Then Ex iz strict
A

gugdratic since by the right fundamental Formula U x.rik = RyU L:___!:.. CE

L
b b x b
C}_{xH = Bx {(by definition L'b.ﬂ. 5 If B iz guadratic). Similzrly for xb.
These already imply xbBx is strict quadratic, or we can argue Li_{bxﬂ =

v ;LCU U ACU D by the middle fundamental formula. 3
w bR x b X

6.2 (Constructicn of Principal Uuadratic 1deals). For any elemz=nL

b € A we have principal quadratic ideals bA znd Ab and hak. B

We call these the right, left, znd (two =sidsd) principal quadratic
ideals pensratad by b, Principal quadratic ideals are always stricl.

For any elements b,c € A we can =pply the construction twice to
gob gquadratic ideals (Bade and bBlAc), bileaAd, (Abde, Tarocwing in move
elements, we can keep the process geing indefinitely: ({{(ha)c}d,

el(bAiel}d, ete.

VARMING. Ia this world vou mever pet something for nothing, and in order
to generate quadratice ldeals so casily we must pay a pricei  the sum of
two guadratic ideals need not he a quadratic ideal. The trouble is the
presence of cress terms in a guadratie expressiony 1f B, € are guadratic
then Ub+E a = Lb:-: + cha A0 a where U a is in B, Uca s in €, buc U a

b,c b b,o

is nowhera.
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6.3 Tnterzection Example. Although sums and products of guadratic

ideals need net be quadratic, the intsrsaction of any collection of
guadratic (or strict quadraric) idezls Eu iz again quadratic (or etrict):

1fEbE B =(1" then TACU A& CRE for all a, so U, Ay =R, Ei
%] =] ja o L o

6.4 Subideal Example. IL € is an fdaal in B and B dis an ideal in 4,
then feven in the asscciative ecase) O neead oot be an Ldeal In A, How=
gver, 1t is at least a strict guadratic fdeal in A: for ¢ € C we have

Hcﬁ = clhe) CCCAR) CCE (BQA) CC (CAB), B

6.5 Annihilarer Fxample, If § is any subsec of A the left annihiiator

ﬁnnL{S} = ix = A|x8 = 0} is a strict gquadratic ideal by left Houfang

(xax)s = x{éﬂxs}} = 0, Similarly the right annihilator AnnP{E} =

X Elﬁ|5x = 00} i quadratie. 1t is not in general true thac the leit
annihilater is a left ideal or the right ammililator a right ideal,
[1f % happens to he a right fdeal, we will see its left annihilater is

alele idezl, and dually]. o
Lnsact 2 -, b
The Inverse Theorem 4.2 (v) - (vi) shows that an element x of a
unital algebra is dinvercible 1£f the principal gquadratic ideal Uwﬁ it

penerates de all of A, This leads to the useful observatien that a2

propey quadratic fdeal cannot contain an invertibls element, for =s

soon a5 B conbtains an dnvertible % it econtains all of ’CKA = A
An altevnative algebra is & divislon algebra 1Ff it is wnital and

all nenzevo elements are invertible, In the associative case thie dis

equivalent te the condition that & have ne preper left ddeals (or Tight

ideals), but this is not true In the alternative case — we will sce that



6.3 Inzersection Examnle. aAlthough sums and producrs of quadratic

zdeals need not be gquadratie, the intersccrion of any collection of
aquadratic (or strict guadravic) ideals B is again quadratic {or strici):
G

iFbeE s = thed NACU, & CH. <8¢ a1l &, so AN r = 2. O
L ] u& ) L Qi

f.4 Subideal Exa.sle. IE © 18 an ideal in B and B is an ideal in a4,

shen (even in the asseciatiwe ecase) C nesd not be an idenl in AL How-
cwar, it is abt least & striet guadraric fdeal in Ar for c € C we have

C;l:- c(.;.c:) CoiAB)cor (BQA) ¢ (c4aAB). O

©.5 Annihilater Examples If 8 is any subsect of 4 the left annihilator

anLﬂsﬁ = {x @ AlxS =0} is a striet quadratic ideal by left Moufang:

(2ax}s = XEE(XE)} = 0, Similarly the right =mniliilator ﬂﬁﬁqCS} -

sapiE ﬁ|5x = N} is quadrstic. It is not in gendral true that the left
ammdtbscoror is a left Zdeal or the ripht anmibhilactor a rtipght ideal.
1f 8 havpens to be a vight ideal, we will see its left annibilator is

I . £
leic ideal, and dually]. w



G.6 Associstive PSxannlo, We want to shoew that in a nice

¥

assocliative alesbra A all cuadracic ideals B are srincipal:
B = xAy = ZAMAy . This result will be importani Ior the struc-

ture theonry in Chapter VIIIL; it shows that guadratic ideals

{hssociabive
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Any cuadracic idecal B
in a semisgsimple Artinian assocgiative algebra A is principal:

& = chf for idemsctants e, f.

Preoi. By the Artin—Wedderburn theory (Part 1) we know
A 1s regular and a direct sum & = Ehi of simple Artinian ideals;

by regularity any quadratic ideal will have the form 3 = U.A

o
=EJ, A, = BB, for B, = U, &, = B Fﬁéi cuadratice in A, , 50

s i I I £ 1

. = @.A. £, we will 5 B = chf for ¢ = Ec¢;, £ = LEf,
i l-lf i*t1i [ :LJ. GV D i o i3 -’..":l i j: 4 J..l i

We therelors azssune A iteelf ieg simple and Arcinian. We

recall that all elen of A are regular, and that A has a.c.o.

1]

il
an idompotents. Conseguentzly we can choose a pair {(e,f) of
idempotenzs maximal with respect to the mropersy A O B,
Nonwero ¢,I always exist (1f B # 0): 12 b # € in B then by
regularity © = bdb for sowme d, so ¢ = bd and £ = dz are nonzero

idempotents with eAZ = bdhdbQ zias & B.

We claim B = cAZ. That is, we claim «B = Bf = 3, or equi-

valently a'B BE' = 0 for ¢' = 1-=, £' = 1-f. We will prove

only the second relation BLf' = 0 (the Zirst folleows by a dual
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che = of'hehf where cho = U AS 3 and af'A
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Wa Tirst show B & B by reculsrity D& bAb, ana

-

Aois siwple and o £ 0, s0 B & b Asib = cf'lichc(l-2] C

e e T = R PR S, . = :
iaug p & B. If b = bdb by regularity, we may assume d = f£'d.

Taen g = db = £'dbi" is5 a nonzero idempotent orthogonal to £,

i+g >» £ . On the other hand; B contains cA(f+g) = ehf + eAg

sinoe enAg O A3 = eRAIAD (since A i1z simple and £ # 0

=y
o

Jo + D{fA) {ehf] (note BEf=0) =U___. . (fa)C B.

—

This coatraducts the maximalizy of £, so no b # 0 exists and

55 = 0§, J

Corollary. In & semisimple Artinian algobra A every guadratic

[M]

sdeal o satisfics BAB C B (in parcicular 2 is stricsz, cven

Subalgebra) and it is the Intersceuion of a left and a right

The d.c.c. on guadratic ldeals plays the role for alternacive

zic¢ebras that the d.c.c. on cne-sided ideals plavs for assccia-
Tive dugebras. It is ilmportant that these coineide in the semi-

simnple case;

-

Corocllary. A semisimple associative algebra has d.c.c. on

gquadratic ideals iZZ it is Artinian.

Proof. The d.c.c. on guadratic ideals cercainly implies

ey

the d.cwe. for one~sided ideals. Conversely, if B. D B. Tuus
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is a chain o guadsaiie ideals ithen Lﬁliﬁhﬁ,:ﬁu. and

=ime @f gns-sided idcels; 1f these breaok off,

BB, = AR, v ™ oean  SAd BoA = B .A Eea ¢ then 50 2pes the gri-

il HE S I n+l

ginal, Bn = Er+' = ... since we can recover the guadratic ideals
i =

=

Eﬁi A Bih from Lhe one-sided ideals. 2

Tha Toverse Theorem 4.2 (v) = (vi) shows that an element x of a
wnital alecbra iz invertihie 1if{f the principal guadratic ideal 'J\l;"'. it
penorates 1s all of A, This leads Lo the useful ohservatlon that a

proper_guadrvatie dceal cannot conzain an invertible elemeat, For as

spon as # eentalns an invertibie x it contains all of EKA = Ny
Ao nlternazive alpebra is a division sl mehra 1f it s wiital and
41l nonrero elements are favertihla. In the acsociative case this is

cquivalent to the coadiction thal A have no proper left ideals {(er right

ideals), but this is net ttue in the alternmative case - we w11l sea that



a split Cavlev algsbra has no proper ene-sided ideals, yet is not a
divieion algebra. To be a divisien alpebra thers musi be no propar

quadratic ideals.

6.@ (OTivision Criterion) A unital alternative algehra is a division

glgebra iff 1t has no proper left principal quadratic ideals.

Proof, We hawve already neted that a divisien alpebra contains no
proper quadratic ideals whatsoever, since every nonzére B contains an
dnvertible x # 0 aad hence B = Al

Conversely, suppose A las no proper left princival guadratie ideals.
By hypothesis esach left principal quadratic ideal x4 is 0 or A. HE

wh =0 then x = %1 =0, 80 for = # 0 we have x4 = & and Lx i= suriec-

tive, By the All1-L-Test 4.5, A is a division algsbra. A

This gives another indicaticn that quadratic idezls should play the
role in alternative alpebras that one—-sided ideals do in assoclative
alpehras.

In general, the principsl quadratie ideal U A ponsvared by x need
not ceontailn x. TIf it dees, we sav x is regwlar, so % is regular ifF
¥ = ny For some v. ALl invertible elements are repular, hut at Lhe
other extreme 0 is also repular., Tn the non-regular case, to finé the
smallest guadratic {deal containing x we form the weakly principal

3_1__}_;)1'11‘3!.‘] w ddeal

B =3+ 1T A.
*®

Clearly any guadratic ideal containing = centains both $x and Ux A,



Conversely, the subspace dx + Hxﬁ aiready constitutes a quadracic ideal

which clearly conrtains %, because

UE Ar_"‘_ﬂx X .

2
ndeed Mo = ux + x 5 U-oper: U = al_+ el
Indzed, any element b ax + xax in B has U-eperator U f Ux eby xan

2 :
1 = U {0 T + 7 + I + U U } sinee U =T U U (middle
+ J:-CI-L}: J}:{L I m{hﬂ]{x EL}I} o :{} ! M moa x
¥y

fundamental) and Ux = w{y(xan)} + (xax) {vyx} = x{({{yx) Ja)x] +

yXAR

wi{ax)v} ieht and widd foufang) = UL By + UL vy,
{€ax)vix (right and middle Mo £) U R Ry Lo

At the opposite extreme from repular elements are the trivial ele-
ments, where = is triwvial if U?A = ., In this cass the principal quadra-
tic ideal gencratzd by z vanishes, and the wezkly principal guadratic

ideal reoduces to dzi
2z jg a quadratic ddeal if = Is rriviel.

We say £ 1s strictly trivial if 9t is trivial, U;A = 0, and in

s 2 I 5 o g ; 2
addition 0 = 0 (this iz automatic in the unitel case, 27 = U L = 0,

hont nob In general). 2z is strictly trivial in & iff it remains btrivial

in the wpital hull A, since tzA = ¢Uz1 + “aA = 3z + Ezﬁ. An mlgebra

contains trivia iff it centains striclL trivia: if =z # 0 is trivial,

; " . e 2 ; _—
elther z is already strictly trivial or clse z° # 0 is strictly trivial

.2 2
= = H A= T A= .
(note (27) Uzz 1 and LZE. HEJEL 1)

Trivial elements are bad, znd their absence is goad. We eall an

algebra stronply semiorime 4f it contains no trivial elements (exwcept

zero, aof course),
; 3 i S i o F 2 i
An ideal B is triwial i7 Iv 1s trlivial as an algebra, B = 0. An

algebra is semiprime 1f it has no nonzeve trivial ideals. {We will
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yeturn to this when we discuss radiecals.) Ino the associative case,
having trivial clemente was equivalent to having trivial ideals. Tn
the zlternative cage it is easy to ses that if B is crivial then all
jtn elepents = & B are {strictly) triwvial {Uzﬁ = zﬁﬂz}c:tﬂi= 0y, We
can rephrase this as

M
(6. Strongly semiprime :’i‘;‘sﬁnipriz e,

Tha converse of this r.ﬁi!wupresents one of the annoying gaps in
the altornative theory, A nontrivial resule of Kleinfeld (see Bection
VI. &) says that if A ﬂaa a triviagl element z # 0 then in characteristic
# 3 situalions there will be some trivial ideal B # O, but the character-
istic 3 case 1g still open, and counscguently many strucfurs theorams 4o
through only in charscleristic i

Fven in characteristiec ¥ 3, it neec not be the casc that the ld=al
E penerated by = ds dtself ftrivial: although we have (zadlbe) = 0 by

-
Middle Maufans, theve is no reason why (za)(zh) & B shonld wanish.

)

Thus the lack of asscciativity is definditely & complicating Tacter,
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Exercise

Shew L(5,0) = (= @ A|xS< €] is & guadratic ddeal 1T 5 is any sel
and C a left ideal; similarly R(8,C} = {xe A|SxC €} if C 15 a
right ideal.

1f T is a linear operaler on & for which there exists anotheyr linear
cperator 5 with HIH e TUES for all =, show the inage T(Z) of B undexr
T is a quadratic dideal whenaver B is. Farticular cases are T =

Ra’ Ua'

Prove that if A has no proper {(two-sided) principzal quadratic ideals
and ne trivizl elements then A is a divisien algebra.

Show thalt if A has no proper guadretic ideals it is either 2 unital

division algebra or nﬂa = @, and in thz latter case show A = @2
b

2 .
where 2° = 0 and & = ¢/X iz a field (K = {afuz = 01).

1f % is regular show thore arve idempotents e, f wilh ex = = = =f.

If & 45 a field arnd 2,y € A satdsiy ’_I\:A o g, lfv;*.. . v show there

iz g & & with U v = ax, U x = oy,
3 v
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X or v is regular in an assoclative algecbhra

o ST
= Eial¥ .

by chcosing a maximal guadratic ideal

5 for a idengotent in an isotope
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2 srvbinian show any guadratic ideal has the
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